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Control of Cantilever Vibration via Structural
Tailoring and Adaptive Materials

L. Librescu,*L. Meirovitch,” and S. S. Na¥
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061-0219

A dual approach integrating structural tailoring and adaptive materials technology and designed to control the
dynamic response of cantilever beams subjected to external excitations is presented. Whereas structural tailor-
ing uses the anisotropy properties of advanced composite materials, adaptive materials technology exploits the
actuating capabilities of piezoelectric materials bonded or embedded into the host structure. A control law relat-
ing the piezoelectrically induced boundary bending moment with the velocity at given points of the structure is
implemented and its effect on the closed-loop frequencies and dynamic response to harmonic excitations is inves-
tigated. The combination of structural tailoring and control by means of adaptive materials proves very effective

in damping out vibration.

I. Introduction

S the requirements for higher flexibility on high-speedaircraft

increase, so do the challenges of developing innovative de-
sign solutions. Whereas the increased flexibility is likely to provide
enhanced aerodynamic performance, the aircraft also must be able
to fulfill a multitude of missions in complex environmental condi-
tions and to feature an expanded operational envelope and longer
operational life. To achieve such ambitious goals—advanced con-
cepts resulting in the enhancement of static and dynamic response
of the multimission—highly flexible aircraft must be developed and
implemented. One way of achieving such goals consists of the in-
tegration of advanced composite materials in the aircraft structure.!
In this regard, the directionality property featured by anisotropic
composite materials is capable of providingthe desired elastic cou-
plings through the proper selection of the ply angle. However, such
a technique is passive in nature in the sense that, once the design is
in place, the structure cannot respond to the variety of conditionsin
which it must operate.

The situation can be mitigated by incorporating into the host
structure adaptive materials able to respond actively to changing
conditions. In a structure with adaptive capabilities, the natural fre-
quencies, damping, and mode shapes can be tuned to reduce the
vibration so as to avoid structural resonance and flutter instability,
and in generalto enhance the dynamic response characteristics. The
adaptivecapabilityis achievedthroughthe conversepiezoelectricef-
fect, which consistsof the generationof localized strains in response
to an applied voltage. This induced strain field produces, in turn, a
change in the dynamic response characteristics of the structure. It is
proposedhere to enhancethe free vibrationand dynamicresponseto
externalexcitationsof wing structures by incorporatingthe adaptive
capabilityreferredto as induced strain actuationin conjunctionwith
structural tailoring. Under consideration is a cantilevered aircraft
wing, modeled as a thin/thick-walled closed cross-section beam of
anisotropic material. Implementation of a control law relating the
applied electric field to one of the mechanical quantities charac-
terizing the response of the wing according to a prescribed func-
tional relationship results in eigenvalue/boundary-value problems.
The solution consists of closed-loopeigenvalues/dynamic response
characteristics, which are functions of the applied voltage, i.e., of
the feedback control gain.

Investigation of static and dynamic control of aircraft wing
structures via the simultaneous implementation of induced strain
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actuation and structural tailoring is of recent vintage. Among the
few investigations using both techniques, we single out two.?3 The
presentstudy, consistent with some approaches;*> representsa clear
departurefromotherapproaches®®-7 inthe sensethathere a dynamic
feedback control strategy is implemented. This enables us to control
the free and forced vibrations and avoid the resonance phenomenon
without weight penalties. Moreover, this adaptive strategy promises
to be effective also in flutter control.

Although the paper addresses mainly the problem of control of
aircraft wings, the concept transcendsthis application. This implies
that the methodology developed here can be applied to a number
of other advanced structures. Indeed, the approach is applicable to
other lightweight structural models, such as helicopter blades and
flexible robot arms operating in space.

II. Basic Assumptions and Kinematics

The structural model used here consists of a cantilevered thin-
walled, closed-section beam. Its purpose is to simulate the lifting
surfaceofadvancedflight vehicles. The modelis confined to uniform
single-cell beams. Two systems of coordinates, s, z, n and x, y, z,
are used to define points of the thin-walled beam (Fig. 1). Note that
the z axis is located so as to coincide with the axis of symmetry of
the cross-sectionalareas. The beam model incorporatesthe follow-
ing nonclassical features: 1) anisotropy of the constituent material
layers; 2) transverse shear; 3) nonuniformtorsion, in the sense that
the rate of twist d®/ dz is no longer assumed to be constant (as in
the Saint-Venant torsional model) but a function of the spanwise
coordinate; and 4) primary and secondary warping effects. We also
postulate in-plane cross-section nondeformability of the beam. In
view of these features and assumptions, the present beam model is
capable of providing results also for thick-walled beams and/or for
constituentmaterials exhibitinghigh flexibilities in transverse shear.

In accordance with these assumptions and to reduce the three-
dimensional problem to an equivalent one-dimensional one, the

X, y, z components of the displacement vector are expressedas® 1
u(x, y,z,t) = u,(z, t) _y0(z, t) (1a)
v(x, y,z, 1) = v,(z, t) + xO(z, 1) (1b)

w(x, y,z, 1) = wo(z, 1) + Ou(z, 1)

) dx
T =g
dy
+0,(z, )| x(s) + ns —_ Oz, 1) [Fols) + na(s)] (1c)
where ©J(z, 1) represents the torsion-related warping measure,

0.(z, 1) = 1z, 1) —vi(z, 1) (2a)
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Fig. 1 Geometry of wing structure: L = 80 in. (2.032 m), ¢ = 10 in.
(0.254 m), b=2.68 in. (0.06807 m), and h= 0.4 in. (0.01016 m).

0,(z, 1) = Yoz, t) —ul(z, 1) (2b)

and
dy dx
a(s) = _y(s) i —_x(s) o
in which O, (z, ¢) and 6,(z, ) denote the rotations about axes x and
», respectively,and ¥, and 7,. denote the transverse shear strains in
the planes yz and xz, respectively; primes denote derivatives with
respect to the z coordinate. When the transverse shear effect is ig-
nored, 6, __, _vj and 6, __, _uJ. Equations (1) and (2) reveal that
six kinematic variables, u,(z, 1), v,(z, 1), w,(z, 1), 6.(z, 1), 6,(z, 1),
and O(z, 1), representing three translations in the x, y, and z direc-
tions and three rotations about the x, y, and z axes, respectively,
are used to define the displacement components u, v, and w. The
primary warping function has the expression®°

(20)

s

&wzj[mw_wm (3)

o

_ C[rn(S)//’l(S)] ds
V=T )l ds (4)

isthe torsional function, in which the quantity /(s) denotesthe beam
wall thickness, allowed to vary along the periphery,

fz )ds

denotes the integral around the entire periphery C of the midline
cross section of the beam, and

where

d d
ra(s) = x(s)d—i} _ y(s)d—;c (5)

Note that
] A r,(s)ds

is referred to as the sectorial area £2(s). For the case of uniform /
in the circumferential direction, Eq. (4) reduces to v = 2Ac/ B,
where Ac denotes the cross-sectionalarea bounded by the midline
and f3 denotes the total length of the contour midline.

Using the kinematic representationgiven by Egs. (1) and (2), one
can obtain the two-dimensional strain measures

€ (s, z, 1) = w+ x()0 + y(5)0 _ Fuls)ON (6a)

_gY ¥
€ (s,z,1) = e}l'ds _6 s —a(s)®n (6b)

Ac

om0 4 o 0y
Yor(s,z, t) = (uf+ 6,) ds +(f+0) ds +2 B

@  (6c)

Yi(s,z, t) = 2n®/ (6d)
d d
mu@0:0%+@q34%+@5§ (6¢)

where €”_and €”. denote the axial strain components associated with
the primaryand secondarywarping, y2 and %" denotethe membrane
shearandthethicknesswiseshearinducedby the secondary warping,
respectively,and 7., denotes the transverse shear strain.

III. Location of Piezoactuator Patches:
Global Constitutive Equations
We assume that the master structure consists of m layers and the
actuatorof/ piezoelectriclayers and that the actuatorsare distributed
over the entire span of the beam. Along the circumferential s and
transverse n directions, they are distributed according to

RM)(n) = H[I’l _I’l(k_)] — H[I’l _I’l(k+)]

R(k)(S) = H[S' _S(k_)] — H[S' _S(](F)]
where Ris a spatial function and H[ ] denotes the Heaviside distri-
bution, in which the subscript £ in parentheses identifies the kth
layer. The linear constitutive equations for a three-dimensional
piezoelectric continuum, expressed in Voigt’s contracted notation,
11
are

%

g = C,i'Sj —C’rif (8a)
D, =e¢,;S; + s,if (8b)

in which summation over repeated indices is implied. Moreover, G
and S; (i, j = 1,2, ..., 6) denote the stress and strain components,
respectively, where

&:{&” pen T ©)
28, p7{r, j=4,506

Moreover, C fj, e.i,and a;gl are the elastic (measured for conditions
of a constant electric field), piezoelectric, and dielectric constants
(measured under constantstrain) and «and D, (r = 1, 2, 3) denote
the electric-field intensity and electri¢ displacement vector, respec-
tively. Whereas Eq. (8a) describes the converse piezoelectriceffect,
consistingofthe generationof mechanicalstressor strainin response
toanelectricfield, Eq. (8b) describes the direct piezoelectriceffect,
consistingof the generationof an electrical charge under a mechan-
ical force. In adaptive structures, the direct effect is used for sensing
and the converse effect is used for active control. Equations (8) are
valid for the most general case of anisotropy, i.e., for triclinic crys-
tals. In the following, we restrict ourselves to an in-plane isotropic
piezoelectric continuum. In this case, the piezoelectric continuum
is characterized by five independentelastic coefficients, Cy; = Caa,
Ci3 = Cy3 = G351 = (3, C33,Caa = Css5,and Cs E(Cu_clz)/z;
three independent piezoelectric coefficients, e;s = ex, €31 = e,
and e;3; and two independent dielectric constants, &, = &, &;
(Ref. 11).

At this point, we assume that the master structure is made of
anisotropic material layers, the anisotropy being of the monoclinic
type. We also assume that the electric-field vector s represented
in terms of the component ~fronly, implying thatfl = = 0.
As a result of the uniform Vo%ge distribution, -grdépendson time
alone and is independent of the spatial position> Tnvoking the stip-
ulated distribution law of piezoactuators, Egs. (7), and the specific
anisotropy properties, the three-dimensional constitutive equations
for the actuator layers can be expressed as

(e u C12 0 st
G- = C12 Cll 0 S::
a 0 0 Cl 1 — C12
32y 2 o 52 iy

e 4 R(m) Ri(s)
0

and

al = cys (10b)
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The last terms in Eq. (10a) identify the actuation stresses induced by
the appliedelectricfield. Integratingthe three-dimensionalconstitu-
tive equationsthroughthe thicknessof the master structure and actu-
ators and postulatingthat the hoop stress resultant N, is negligibly
small when compared with the remaining stresses, two-dimensional
constitutive equations (referred to also as shell-constitutive equa-
tions) are obtained. The equations are displayed in the Appendix.

IV. Boundary-Value Problem Involving
Bending-Twist Coupling

The great possibilitiesprovided by advanced anisotropiccompos-
ite materials can be used to enhance the response of lifting surfaces.
Implementationof structuralfaeroelastictailoringhas revealed great
promise toward improving static and dynamic response character-
istics, preventing vibrationresonance and enhancing aeroelastic be-
havior. For thin-walled composite beams, tailoring was carried out
in a number of recent papers>*~!? in which the possibility of gen-
erating desired elastic couplings beneficial to specific aeronautical
problems was examined. Among the possible couplings that can be
induced via tailoring, the most beneficial for the problem at hand is
the bending-twist cross coupling. This coupling also has been used
for the solid beam model to enhance the structural/aeroelastic re-
sponse behavior of wing structures."'>=!5 As shown elsewhere,'!7
the ply-angledistribution with respect to the spanwise z axis induc-
ing such a cross coupling is

0(y) = _0(—y) (an

Using sucha ply angle, the equations of motion for cantileverbeams
9,10
are”

[l55(V£/+ 9{) + a56®lll + Py = bl"}o (123.)

— 66O + a0 _ass(viil + OF) + a7300 + m.

= (bs+b5) O _(big+ bi)On (12b)

a0 + ax O _ass(v] + 6.) _ass®l = (bs + b1s) 6. (12¢)

which are subject to the geometric boundary conditionsat z = 0,

vy =0 (13a)
0,=0 (13b)
®=0 (13c)
& =0 (13d)

and the natural boundary conditionsat z = L,

[l55(V£ + 9‘() + a56®ll =0 (143.)

a0 + a;,0 = M, (14b)

J66®Ill+ [l77®/_a56(V£/+ 9{) + a3764 = _(Qm_—'—_b&)@/ (14C)

[l56(V£ + 9‘() + a66®ll =0 (14d)

The terms underscoredin Eqs. (12-14) by single and double dashed
lines are associated with warping inhibition and warping inertia
effect, respectively, whereas the terms underscored by a solid line
or marked by a caret are associated with the rotatory inertia and the
prescribed bending moment, respectively.

V. Vibration Control Through a Bending
Moment at the Beam Tip
The interest lies in controllingthe vibration of the beam by means
of a bending moment at the tip.'*:!? Such a bending-momentcontrol
can be generated by incorporating piezoactuators into the structure
and using the converse effect featured by these devices. Structures
with embedded or bonded piezoactuators are referred to as intelli-
gent structures. A comprehensivereview and assessmentof the state

of the art in the use of intelligent structures for aerospace applica-
tions can be found elsewhere 2

As shown elsewhere,’®-7 piezoactuators featuring in-plane iso-
tropic properties spread over the entire span of the beam and bonded
symmetrically on the outer and inner faces of the beam, but acti-
vated out of phase, generate a bending moment at the beam tip in
response to an electric field - For feedback control, the applied
electric field s related to one of the mechanical quantities char-
acterizing the"System response. This permits implementation of a
number of control laws. The efficiency of these control laws can
be measured in terms of their ability to enhance the free-vibration
behavior, reducing the forced vibration to external excitations and
preventing resonance.

A numberof control laws have been proposed in conjunctionwith
boundary-controlmoments.? =7 Showing great promise is velocity
feedback control used to controla classic solid beam.*>-2! For the
problem at hand, the piezoelectrically induced tip moment M, us-
ing velocity feedback control must be proportionalto the rotational
velocity 6.(L, 7). A more explicit expressionof this control law can
be obtained from Eq. (14b) in the form

ass0(L, 1) + axy®I(L, 1) _k,0.(L. 1) =0 (15)

where k, denotesthe feedback control gain. Because of the presence
of the term a3; in Eq. (15), it is clear that the boundary-control
moment also can generate twist. The closed-loop boundary-value
problem is obtained by replacing Eq. (14b) by Eq. (15).

VI. Numerical Examples

The equations derived in this paper are general, in the sense that
they are valid for a beam of arbitrary cross section. However, in
this paper, a biconvex profile, typical of supersonic aircraft wings,
is adopted. Its geometric characteristicsare displayed in Fig. 1. The
piezoelectric actuators are mounted symmetrically on the top and
bottom surfaces of the beam and they are made of PZT-4 piezoce-
ramic with propertiesas given elsewhere 22 The structure is assumed
to be made of a graphite-epoxy composite material with the follow-
ing properties:

EL=(30y 10° psi)(20.68 X 10" N/m?)
Er = (0.75y¢ 10° psi)(5.17 % 10° N/m?)
Grr = (0.37 3¢ 10° psi)(2.25 5 10° N/m?)
Grr = (0.45 o 10° psi)(3.10 X 10° N/m?)
Mrr = prr = 0.25
p=(143y 10-° 1bs*/in.*)(1528.15 kg/ m?)
fr = (0.78 5¢ 102 in.)(0.2 X 10-* m)

where the subscripts L and 7' denote directions parallel and trans-
verse to the fibers, respectively, and #,, denotes the actuator thick-
ness.

Combining structural tailoring and boundary moment control,
two problems have been considered, namely, free vibration and har-
monic excitation. In the case of free vibration, all field variables,
denoted generically by F(z, ), have the form

F(z, t) = F(z)e* (16)

where the exponent A is generally complex. Because A appears in
both the equations of motion and the boundary conditions, the so-
lution of the correspondingeigenvalue problem tends to be compli-
cated. In the second problem, the structure is excited by a concen-
trated harmonic load located at z = z,. Concentrated loads can be
represented as distributed as follows:

py(z, 1) = K&z _zp)e'™ (17)

where F, is the amplitude, &z _ z¢) a spatial Dirac delta func-
tion, and @ the excitation frequency. When p, is located off the
longitudinalaxis of symmetry by an amount x,, then it gives rise to
the concentrated moment

m-(z, 1) = Fyxo&z _zp)e'™ (18)



1312 LIBRESCU, MEIROVITCH, AND NA

1.20
1.10

Ydl 4 a0

wi
0.90 | i
0.80 [ i " ] 1 " n 1 n 2 " 1 "

0 0.04 0.08 0.12 0.16 0.2
KP

Fig. 2 First normalized damped frequency Wy (= /) vs dimen-
sionless feedback gain for AR = 16, 0 = 45 deg, and wy = 55.31 rad/s.
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Fig.3 Second normalized damped frequency Wy (=wn/w) vs dimen-
sionless feedback gain for AR=16, 0=45 deg, and w, =345.6 rad/s.

For the free-vibrationproblem, it is necessaryto solve the closed-
loop eigenvalue problem. To this end, we introduce vo(z, 1) =
Vo(2)e™, O.(z,1) = O(2)e¥, and O(z,1) = Oz)™ in
Egs. (11-14), with Eq. (14b) replaced by Eq. (15), divide through by
¢, and obtaina differential eigenvalue problem in vo(z), 6,(z), and
O(z). Because the differential eigenvalue problem does not admit
a closed-form solution, it is necessary to discretize it in the spatial
variable. Because this is a non-self-adjoint problem, the indicated
discretizationprocedure is the Galerkin method,?* which amountsto
expanding vy(z), 6.(z), and O(z) in series of trial functions satisfy-
ing all boundary conditions, multiplying Eqs. (12a),(12b),and (12c¢)
by the same trial functions, in sequence, integrating over the struc-
ture and obtaining a nonsymmetricalgebraic eigenvalue problem.?*
The difficulty with this approach lies in the requirement that the
trial functions satisfy both the geometric and the natural boundary
conditions. This difficulty can be circumvented by using a modified
Galerkin method, whereby the discretization process is carried out
directly in the extended Hamilton’s principle?*-2>26 Details of the
approach are provided in the Appendix.

The solution of the algebraic eigenvalue problem derived in the
Appendix yields the closed-loop eigenvalues

%‘:q_,_i@,r, r=1,2,...,n (19)

which depend on the feedback control gain &, and the ply angle 6,

in addition to the system parameters, where G is a measure of the

damping in the rth mode and @y, is the rth frequency of damped

oscillation. From Egs. (19), we obtain the damping factor in the rth
mode in the form

c=_—39 (20)

(¢ + )

r

(51
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Fig.4 Induced damping factor vs ply angle for various values of feed-

back gain.

1.000

0.925

V 0.850

0.775

0.700 S L L -
0 0.0003 0.0005 0.0008 0.001

Ky

Fig.5 Normalized deflection vs feedback gain for AR = 16 and 0=160
deg(V=VIV, V=2 X 105 corresponds to’x) = 1 and K, =0).

Figures 2 and 3 show plots of the ratio @,/ @ vs the nondimen-
sional feedback gain K, = k, L@ as; for the first two modes and
for the ply angle 8 = 45 deg, in which @ is the frequency of un-
damped oscillation correspondingto the uncontrolled structure and
@= 40.33rad/ s is an open-loop frequency correspondingto a free-
warping, infinitely stiff-in-shear beam model with 6 = 0 deg and
AR = 16. The plots show that the effect of the feedback control is
smaller for the second mode than for the first.

Figure 4 depicts the induced damping factor § vs the ply angle
0 for three different values of the feedback gain K,,. The plots are
for AR = 16 and without transverse shear and warping restraint. In
addition to the well-established fact that damping can be induced
by feedback control, the plot reveals that tailoring can be used to
increase damping in the structure as well.

Figure 5 depicts the normalized steady-state deflection due to a
harmonic eccentrictip force as a function of the feedback gain with
the normalized eccentricity Xy = xp/ ¢ acting as a parameter. The
plots revealthe obvious trends that 7 increases with ¢ and decreases
with an increase in the control gain.

Figure 6 displaysthe normalizedbendingmoment at the wing root
vs the control gain with the ply angle as a parameter. The bending
moment has a maximum for the value @ = 0 of the ply angle, for
which the bending stiffness a;; has a minimum, and a minimum
for @ = 90 deg, for which as; has a maximum. This implies that
tailoring and feedback control can be used in tandem to reduce the
bending moment, thus avoiding overdesign at the root of the beam.
Figure 6 also reveals that for relatively large values of the feedback
gain, tailoring becomes less efficient than for low feedback gains.
This suggests a tradeoff between the two techniques.

Figure 7 depicts the time history of the normalized deflection
for the ply angle 8= 0 for controlled and uncontrolled beams, with
and without transverse shear and with warping restraint included.
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Fig. 6 Normalized bending moment at wing root vs feedback gain
with ply angle as a parameter for AR=16 (M= MIM and M = 432,583
corresponds to 6 = 0 and K, = 0).
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As 0 increases from 0 to 90 deg, the bending stiffness increases
from a very low value to a maximum one and the displacement
amplitude decreasesat the same time. There is a significant increase
in the response frequency from 8= 0 to 90 deg. This is evidently
because the bending stiffness experiences a dramatic increase when
6 changes from 0 to 90 deg; the effectiveness of the control in
reducing the vibration becomes obvious. One also can observe that,
with an increase in K,, a corresponding decrease in the slope of
the curve is experienced. This corroborates the conclusion that in
this case the maximum velocity decreases and damping increases.
Results not displayed here reveal that, as 6 increases from 0 to
90 deg, the bending stiffness increases and, consistent with this, the
displacement decreases.

Finally, the mass and stiffness of the actuators were included in
all numerical results obtained here. It is common practice, however,
to ignore them, so that a comparison of results obtained by includ-
ing and ignoring the mass and stiffness of actuators should prove
of interest. Figure 8 shows such a study in the form of two sets of
frequency response plots, the set in solid lines correspondingto the
case in which the mass and stiffness of the actuators are considered
and the dashed lines correspondingto the case in which they are not.
As can be concluded from Fig. 8, the effect of ignoring the mass and
stiffness of the actuators is to predict a resonance frequency about
10% smaller and response amplitudes higher than the actual ones.
The case depicted in Fig. 8 seems to present a worse-than-average
picture. In the other frequency response plots, the resonance fre-
quency obtained by ignoring the mass and stiffness of the actuators
(results not shown) was about 4-6% smaller. Moreover, results not
displayedhere revealthat transverse shearhas the effect of reducing
the resonance frequencies, whereas the warping restraint has the op-
posite effect. On the other hand, transverse shear tends to increase
and warping restraint tends to decrease displacements.

16.0 T T
........ wlo PZT Kp= E
—with PZT 1
120 7
K, =0.05
V 8o 8
40 b
0.0
39.5 41.05 426 4415 45.7,
w (rad/s)

Fig.8 Normalized deflection vs excitation frequency with and without
mass and stiffness of actuators for shearable beam models with warping
restraint and with AR = 16 and 6 = 0.

VII. Conclusions

A dual technology based on the use of structural tailoring and
boundary-momentcontrolaimed at enhancingthe dynamicresponse
characteristicsof structurestypical of aircraft wings was developed.
The results reveal that, using the control law described in this paper
in conjunction with the tailoring technique, a significant improve-
ment in the dynamic response of thin-wall cantilever structures can
be achieved.

The paper also highlights the importance of a number of non-
classic effects, such as anisotropy, transverse shear, and warping re-
straint, which strongly influence the dynamic response of advanced
cantilever structures. As a matter of interest, a study of the effect of
ignoring the mass and stiffness of the piezoelectricactuators also is
presented.

Appendix: Derivation of Boundary-Value Problem
and Eigenvalue Problem

The boundary-value problem can be derived by means of the
extended Hamilton’s principle>* which can be stated in the form

] (ST _ v + owydi =0, S0 =0

(AT)

5@:0, BO=0 at =14, b

where T is the kinetic energy, V' the potential energy, and oW the
virtual work of the nonconservative forces. From previous work, '
the kinetic energy is given by

L N
T = 1] fz} p(k){yzé)2+(‘v0+x®)2
20y h(k)

2
+| (96, — F.0) _n( %Q + a@/) ] } dndsdx  (A2)
\

and the potential energy has the form

18l . dx
V== P yOI_F,On _n| —06/ + a®n
2 0 h(k) - h ds -

’ 240
+ b —
> B

_G(nf)(v6+9x)%}dndvdz (A3)

dy
(V6+ e‘c)a + ®I

where o, ¥, and ¢/¥ are given in elsewhere’” Moreover, the
virtual work can be written as

L
W = M. 3L, 1) +] [py(z, )Sv0(z, 1) + m=(z, NIO(x, 1)] dz
0
(A4)
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in which p, and m. are given by Eqs. (17) and (18), respectively.
Carrying out the indicated integrations with respect to n and s, the
kinetic energy can be reduced to the compact form

T_l
T2

+ (biy + b1a)8 ] dz

L . .
] [b1v5 + (b + b5)O + (bio + big) (@)
0
(A5)

where the various coefficients are given in previous work.>!° Sim-
ilarly, using Eqgs. (10), as well as the expressions

Q}'(Z’ t) = f( Nv:% p— d_x) dS

N'n
“ds

M‘((Za t) = ﬂyN;; _L;;%) ds
ds
M.z, 1) = Qfo_.l//dS

By(z, 1) = ﬁFw(?) N..+ a(s)L..]ds

(A6)

in which Q, is the one-dimensionalstress resultant, M, and M. are
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time-dependent generalized coordinates. The discretization can be
more conveniently performed directly via the extended Hamilton’s
principle, Eq. (A1). To this end, we express the displacements v,
0., and O as follows:

vo(z, 1) = ¢ (D) (1)

(A9)
0.(z. 1) = ¢; (2)qu(1), O = ¢; (2)g:(1)
where
h=[h ¢ ovl"

G =[dxs1 Pvia dn]"

& =[Pve1 v ¢3N]T
are vectors of suitable trial functions and
a=In ¢ gvl’s @ =lav+1 qn+a q]"

¢ =[0N+1 Gan+2 gsv]l"

are vectors of generalized coordinates. Then, inserting Egs. (A9)
into Eq. (AS), we can write the kinetic energy in the discrete form

1Ty
stress couples, and By, is a bimoment,'* and the two-dimensional T= 2qTMq (A10)
constitutive equations where
X 0 0
M= ] 0 (bio + b)) o §F 0 z (A1D)
oo 0 (by + )5 97 + (bro + bis) $i($D)T
N(s,z, 1) = K1 €+ Kip¥2 + Ki;O + K€ _ N.. is the correspondingmass matrixand ¢ = [q] ¢} ¢} ]" is the over-
- - ‘T' ’ - - all generalized displacement vector. Similarly, using Eq. (A8), the
Nio(s, 2, 1) = K€ + Kny> + Kn® + Kyuel potentialenergy can be written as
]V:n(sa z, t) = A44 7/:11 (A7)
A _ LT
L..(s,z,t) = K41€_9_- + Ky %0; + K30+ Ky€!, _ L. V'=30Kq (A12)
Ly-(s,z, 1) = KSIE_?: + Ksp %0: + K530 + K54€;7__ in which
| assdi(on” ass( ¢y ass P (P
K= ] asshry + ansPh(p)’ ax Gy(Pp)” dz (A13)
0

symmetric

where K;; denote the modified local stiffness coefficients!® and N..
and L.. representthe piezoelectricallyinduced effects, and integrat-
ing with respect to n and s, the potential energy can be shown to
have the form

L
V=3[, DA+ 0.0+ ) B0+ MO
0

1 L
5] [%3(9{)2 + ass@ + ags(ON)* + ar7(ON* + ass(vf)
0

—+ 2[1379:{@/ —+ 2[155 V69x =+ 2[1569:(@” —+ 2[156 V6®I/] dZ (AS)

where the various coefficients can be found elsewhere.!” Inserting
Eqgs. (A4), (AS), and (A8) into Eq. (A1) and carrying out the usual
steps,”® it is possible to obtain the boundary-value problem, Eqgs.
(12-14).

For practical reasons, it is necessary to discretize the boundary-
value problem, which amounts to representing v, 6,, and ® by
means of series of space-dependent trial functions multiplied by

an ()" + acs Py(Pp”

is the corresponding stiffness matrix. Before we can discretize the
virtual work, we recall from Eq. (15) that the boundary moment has
the expression

M, = _c,6.(L, 1) (Al4)
where k, is a control gain. Hence, inserting Eqs. (A9) and (A14)

into Eq. (A4) and integrating with respectto z, the discretized virtual
work can be expressed in the form

W=_¢qHNq+QN (A15)
in which
0 0 0
H=_[0 k(L)L) 0 (Al6)
0 0 0
is a coefficient matrix and
L
Q= ] [pdf 07 m.gl] d (A17)
0
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is a generalized force vector. Introducing Egs. (A10), (A12), and
(A15)in Eq. (A1), integrating with respect to time, and recognizing
that 5¢ = 0 at t = ¢,, 1,, we obtain the discrete equations of motion

Mq(1) + Hq(1) + Kq(t) = Q(1) (A18)

A solution of Eq. (A18) can be obtained conveniently by casting
it first in state form. To this end, we introduce the state vector x =
[¢" q"]" and adjointhe identity ¢ — ¢. Then, the desired state form
is -

X(1) = Ax(1) + BQ(1) (A19)

where

_M-'H
are coefficient matrices.
The homogeneoussolutionof Eq. (A19) has the exponentialform

x(7) = xe™ (A21)

in which x is a constant vector and A a constant scalar, both gener-
ally complex. Inserting Eq. (A21) into Eq. (A19) with Q = 0 and
dividing through by e, we obtain the eigenvalue problem

Ax = Ix (A22)

which can be solved for the eigenvalues A, and eigenvectorsx, (r =
1,2,..., 6N),and we observethatifan eigensolution/,, x; is com-
plex, then the complex conjugate pair A, X; isalsoan eigensolution.
The top half of the eigenvectors can be used to replace ¢; in Egs.
(A9) so as to obtain the eigenfunctions corresponding to vy, 6.,
and ©.

To derive the particularsolution, we first insert Egs. (17) and (18)
into Eq. (A17) and obtain the generalized force vector

Q) =

L
] [F05(2 —_z0)l (z) 07 Fyxe&z _20)¢3T(2)] dze'™ = Qe

0
(A23)

where mis the excitation frequency and

Q=[Fd/(z) 07 Foxodi(z0)] (A24)

isa constantvector. Then, letting the particularsolutionof Eq. (A19)
have the form

x(1) = x,¢'” (A25)
we conclude that
x, = [iol _ A-'Q (A26)

in which 7 is the identity matrix. Equation (A26) can be used in
conjunction with Egs. (A9) to obtain frequency response plots cor-
respondingto v, and ©.
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